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Key Takeaway Cornell University

* Goal:
capture the effects of depth in learning via information-theoretic generalization bounds
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Key Takeaway Cornell University

* Goal:
capture the effects of depth in learning via information-theoretic generalization bounds

e Result 1: a hierarchical bound shrinks as the layer index increases

e Result 2: quantifies the contraction when moving deeper into the network, via the strong
data processing inequality (SDPI)

— network depth, layer dimension, activation function, stochasticity
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% Cornell University

& Generalization error (in practice):

loss overfitting
~ ~»

@ test loss test loss=training loss+generalization error
@ training loss

o test loss: based on test data

J e training loss: based on training data (usually small)
1 generalization X X X . i
Ny eror — in theory, population risk/empirical risk

‘ >

iterations

¢ Existing information-theoretic bounds:

not specialized to the DNN setting = did not capture the effect of depth on the generalization bound
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Problem Formulation {@s Comnell University

A Supervised learning problem:
e Feedforward DNN model with L layers:

Dim: d, d dy ---dp- d
im Oo 1 2 -1 i Y = Gwy O Gwp_1 OO Gw, (X) Gw, (t) = ¢Z(Wlt)

O ®------ O . - )

O o O‘\\ ‘o ols?,Y) where ¢; : R — R is the activation function;

\"' b h ) .

(OR4t o W, o o W O<¢:>O ° lt internal representation: 7; := gw, © - 0 gw, (X)

of o0
X=T, T T, Ty Tp=Y Y

Figure 1: L-layer feedforward network
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Problem Formulation {@s Comnell University

A Supervised learning problem:

e Feedforward DNN model with L layers:
Dim: g dy dy ---dpy dg Y = Gwy O Gwy_1 O+ 0 gwy (X), Gw, (t) = ¢pu(wit)
Oy /OO . N~ .
O o O‘\\ ‘o oY) where ¢; : R — R is the activation function;
(OR4t o W o o Wy O<¢:>O o 1" internal representation: T, := gw, © -+ © gw, (X)
ol oo e Loss function £(w, z,y) = £(gwy, © - © gw, (%), )

Label set Y = [K] C Z (or R for regression)

Figure 1: L-layer feedforward network
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Problem Formulation {E‘i)ﬁ Comnell University

A Supervised learning problem:
Feedforward DNN model with L layers:

[ ]
Dim: g dy dy ---dp, dr, Y = Gwy O Gwp_1 OO Gw, (X) Gw, (t) =@ (Wlt)

O /@ --® . _— )

O o O‘\\ O Ols.Y) where ¢; : R — R is the activation function;

02 h

(OR4t o W, o o W O<¢:>O ° lt internal representation: 7; := gw, o+ - 0 gw, (X)

o O-"l--»»-O e Loss function £(w, z,y) = £(gw, © - © gw, (), y)
P e Tl e Label set) = [K] C Z4 (or R for regression)
= T, Ty =

e Training dataset: D,, = {(X;, Y:) }i=,, identically

~ P
Figure 1: L-layer feedforward network O
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Problem Formulation i@i Comnell University

A Supervised learning problem:
Feedforward DNN model with L layers:

[ ]
Dim: g dy dy ---dp, dr, Y = Gwy O Gwp_1 OO Gw, (X) Gw, (t) =@ (Wlt)

Oy /OO . _— )

@ o O‘\\ ‘o ols?,Y) where ¢; : R — R is the activation function;

(OR4t o W o o Wy O<¢:>O o 1" internal representation: T, := gw, © -+ © gw, (X)
o Of‘l--:‘-O e Loss function £(w, z,y) = £(gw, © - © gw, (), y)

XQTO - e Tl e Label set) = [K] C Z4 (or R for regression)
= T Tp =

e Training dataset: D,, = {(X;, Y:) }i=,, identically

~ P
Figure 1: L-layer feedforward network O

e Expected generalization error:
gen(Pw|p,,, Pxy) = E[Lp(W, Px y) — Le(W, Dy)]

Population Risk Empirical Risk

|

=F {E {e(w, X,Y) - % > UW, X, Vi)
=il
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Generalization Bound via DPI {@3 ComllUatesy

A Data-processing inequality (DPI) for f-divergences Dy:

Px, QX EP(X) —>—>Py :PY\X OPx./ Qy :Py|XOQX

DPI:  Df(Py[|Qy) < Ds(Py|x o Px|[|Pyix o @x) < Dy (Px||@x)
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Generalization Bound via DPI 5@3 ComllUatesy

A Data-processing inequality (DPI) for f-divergences Dy:

Px, QX EP(X) —>—>Py :PY\X OPx./ Qy :Py|XOQX

Dr(Py|Qy) < Dy(Pyix o Px||Pyix o Qx) < Dp(Px|[|Qx)

DPI:
& In DNN:
1 n
gen(Pw/p, , Pxy) =E {IEI {E(W, X,Y) -~ > UW, X, Vi) VV”
d=il
_ 1 < -
- E{E {agwfﬂ @).Y) - L3 oy, m,nm‘w%” (i=1,..L)
=il

6/16
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Generalization Bound via DPI 5@3 ComllUatesy

A Data-processing inequality (DPI) for f-divergences Dy:

Px, QX EP(X) —>—>Py :PY\X OPx./ Qy :Py|XOQX

Dr(Py|Qy) < Dy(Pyix o Px||Pyix o Qx) < Dp(Px|[|Qx)

DPI:
& In DNN:
gen(Pw(p,, Px,y) =E {IEI {E(W, X,Y) - % > UW, X, Vi) VV”
d=il
_ 1 < -
— E[E | owg,, @) - 1 - lows,, <Tz,i>,m\wﬁﬂ (i=1...L)
=il
Conditioned on W,
i1, Ti-1 = — T, T)

6/16
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Cornell University

Generalization Bound via DPI ;

Theorem 1 (Hierarchical bound)

If the loss function £(w, X,Y") is o-sub-Gaussian under Px y, for all w € V. We have
lgen(Pw D, Px,v)| <UB(L) SUB(L—-1)<...< UB(0)

N——
existing bound

where UB(0) = U\—E Z VI(X;, Y W),
i o=1

g

\/5 n
UB()= - > (T, Yis WE L IW) 4D (P
=il

Tyi »YilW} HPTl v wt [Pyt )
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Generalization Bound via DPI ) Cornell University
Theorem 1 (Hierarchical bound)

If the loss function ¢(w, X,Y') is o-sub-Gaussian under Px v, for all w € WW. We have
‘gen(Pw‘D",PAx_y)‘ <UB(L)<UB(L-1)<...< UB(0) |,

existing bound

2

where  UB(0) = 225 V(X Y W),
=il

n

P

}Pwll), l=1,...,L.

U’\/i n
UB()=—"">_ I Tii ,Yi; Wiy, [W})+Di (P
=1

Ty i Wit Ty y|wh

A Remarks:

1. Interpretation: The model generalizes when
e Subsequent layers do not strongly depend on the input internal representation

e Learned posterior of internal representation matches the prior
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Generalization Bound via DPI (&) comell University
Theorem 1 (Hierarchical bound)

If the loss function £(w, X,Y") is o-sub-Gaussian under Px y, for all w € VW. We have

lgen(Pw b, s Px.v)| < UB(L) SUB(L—1) <...< UB(0)

)

N——
existing bound

where  UB(0) = /2 STV, Y W),
e =1

V2
UB()=—> [I( Tii ,Yi; W[, [W1)+Dko (P
T =1

Ty YilWh I T, ,yIw! ‘PWli ),

A Remarks:
2. Special cases (Discrete latent space): when T; is finite (e.g., the VQ-VAE)

min P, ywi € (0,|7: x Y|~") higher = posterior with higher entropy/variance

= smaller UB(!) and generalization error = stochasticity helps
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Strong Data-Processing Inequality (SDPI) Comell University

& Quantify the contraction from UB(I — 1) to UB(I):

L
UB(L) < coeff UB(L — 1) < --- < | ] coeff,UB(0)

=1
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Strong Data-Processing Inequality (SDPI) Comell University

& Quantify the contraction from UB(I — 1) to UB(I):

L
UB(L) < coeff UB(L — 1) < --- < | ] coeff,UB(0)

=1

The SDPI contraction coefficient for Py |x under some f-divergence (Px < Qx):

N Ds(Py|x o Px||Py|x 0 Qx)
ny(Py|x) = sup

Px,Qx Df(PXHQX) . [0’ 1].
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Strong Data-Processing Inequality (SDPI) Comell University

& Quantify the contraction from UB(I — 1) to UB(I):

L
UB(L) < coeff, UB(L — H coeff,UB(0

The SDPI contraction coefficient for Py |x under some f-divergence (Px < Qx):

Ds(Py|x o Px||Py|x 0 Qx)

Ny (P; ‘= sup € 10,1].
f( Y‘X) Px,Qx Df(PXHQX) [ ]
* Properties:
o 17 (Pyix) < n1v(Py|x) =sup, ,cx [|Py|x=c — Py|x=a|lTv (Dobrushin’s coefficient)
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& Quantify the contraction from UB(I — 1) to UB(I):

L
UB(L) < coeff, UB(L — H coeff,UB(0

The SDPI contraction coefficient for Py |x under some f-divergence (Px < Qx):

N Ds(Py|x o Px||Py|x 0 Qx)
ny(Py|x) = sup

Px,Qx Df(PXHQX) . [0’ 1].

* Properties:

o 17 (Pyix) < n1v(Py|x) =sup, ,cx [|Py|x=c — Py|x=a|lTv (Dobrushin’s coefficient)
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Strong Data-Processing Inequality (SDPI) Comell University

& Quantify the contraction from UB(I — 1) to UB(I):

L
UB(L) < coeff, UB(L — H coeff,UB(0

The SDPI contraction coefficient for Py |x under some f-divergence (Px < Qx):

Ds(Py|x o Px||Py|x 0 Qx)

Ny (P; ‘= sup € 10,1].
f( Y‘X) Px,Qx Df(PXHQX) [ ]
* Properties:
o 17 (Pyix) < n1v(Py|x) =sup, ,cx [|Py|x=c — Py|x=a|lTv (Dobrushin’s coefficient)

g(-) deterministic: 1y (Pyx) x) = n1v(Pyx)x) = 1

— if all the feature maps gw, in the DNN are deterministic — the SDPI coeff = 1
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Cornell University

Tighter Bound via Contraction {@

& Train neural network with noise = enhance generalization, improve robustness:
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Tighter Bound via Contraction Cornell University

@ Train neural network with noise = enhance generalization, improve robustness:

e Additive noise: Gaussian/Laplace/Salt and Pepper/...
Dropout

DropConnect
e Data Augmentation: rotating/flipping/scaling/cropping images/MixUp...
Label Smoothing: adding noise to label
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Tighter Bound via Contraction Cornell University

A Noisy DNN model: feature map at each layer is perturbed by isotropic Gaussian noise, i.e.,

Ti=Ti+eaZ =p(WT—1)+aZ, l=1,...,L,

where ¢, (-) is the activation function, Z; ~ N(0,14,) is independent and ¢; € R, is a constant.

1Goldfeld et al., Estimating information flow in deep neural network. ICML 2019

©H. He, C. L. Yu &Z. Goldfeld 10/16



Tighter Bound via Contraction Cornell University

A Noisy DNN model: feature map at each layer is perturbed by isotropic Gaussian noise, i.e.,

Ti=Ti+eaZ =p(WT—1)+aZ, l=1,...,L,

where ¢, (-) is the activation function, Z; ~ N(0,14,) is independent and ¢; € R, is a constant.

= stochastic approximation of deterministic DNN

1Goldfeld et al., Estimating information flow in deep neural network. ICML 2019
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Cornell University

Tighter Bound via Contraction

A Noisy DNN model: feature map at each layer is perturbed by isotropic Gaussian noise, i.e.,
T,=T +eaZ = @l(Wzﬁ—1) +eai, l=1,...,L,

where ¢, (-) is the activation function, Z; ~ N(0,14,) is independent and ¢; € R, is a constant.

= stochastic approximation of deterministic DNN

Lemma 1 (SDPI coefficient bound)

Let X ~ Px € P(R% ) and consider a bounded function g : R% — R%. SetY = g(X) + eN, where ¢ > 0 and
N ~ N(0,1,,) is independent of X. The SDPI coefficient of the induced channel Py x satisfies

v/ 2dyl|gl|o
2e ’

N7 (Py|x) <n7v(Py|x) <1 — 2Q(

where Q(z) == [° ﬁe*ﬁ/?dt is the Gaussian complimentary CDF.

1Goldfeld et al., Estimating information flow in deep neural network. ICML 2019
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Cornell University

Tighter Bound via Contraction () et

Theorem 2 (Noisy DNN generalization bound)

Consider the noisy DNN model with bounded activation functions ¢;,1 = 1,..., L.
\[ n L 5d, -
lgen(Pwp,,, Px,v)| < L > 11 (1 - 2Q(%)) 1(X5; WIY;) + 1(Y5; W).
i=1\| 1=1 l

no SDPI
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Cornell University

Tighter Bound via Contraction erst

Theorem 2 (Noisy DNN generalization bound)

Consider the noisy DNN model with bounded activation functions ¢;,1 = 1,..., L.
n L
a\[ \2d -
lgen(Pw|p, Px,v)I < — > |]] (1 = 2Q(%)) (X3 WIY;) + 1(Yi; W).
o= | =t ! no SDPI
A Remarks:

1. 1(Y;; W) factored out + the label is not processed by the noisy DNN.  (I(Y;; W) < log K)
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Tighter Bound via Contraction erst

Theorem 2 (Noisy DNN generalization bound)

Consider the noisy DNN model with bounded activation functions ¢;,1 = 1,..., L.
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a\[ \2d -
lgen(Pw|p, Px,v)I < — > |]] (1 = 2Q(%)) (X3 WIY;) + 1(Yi; W).
o= | =t ! no SDPI
A Remarks:

1. 1(Y;; W) factored out + the label is not processed by the noisy DNN.  (I(Y;; W) < log K)
2. ||p1l|loo = 1if ¢ € {sigmoid, softmax, tanh}
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Tighter Bound via Contraction Cornell University

Theorem 2 (Noisy DNN generalization bound)

Consider the noisy DNN model with bounded activation functions ¢;,1 = 1,..., L.
n L
a\[ \2d -
lgen(Pw|p, Px,v)I < — > |]] (1 = 2Q(7l2”6¢l” ))I(Xi;W\YZ-) +1(Yi; W).
o= | =t ! no SDPI
A Remarks:

1. 1(Y;; W) factored out + the label is not processed by the noisy DNN.  (I(Y;; W) < log K)
2. ||p1l|loo = 1if ¢ € {sigmoid, softmax, tanh}
3. Observation: with fixed noise level,

d; | & L T = SDPI coeff | from 1 to 0 = generalization error |
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Tighter Bound via Contraction Cornell University

Theorem 2 (Noisy DNN generalization bound)

Consider the noisy DNN model with bounded activation functions ¢;,1 = 1,..., L.
n L
a\[ \2d -
lgen(Pw|p, Px,v)I < — > |]] (1 = 2Q(7l2”6¢l” ))I(Xi;W\YZ-) +1(Yi; W).
o= | =t ! no SDPI
A Remarks:

1. 1(Y;; W) factored out + the label is not processed by the noisy DNN.  (I(Y;; W) < log K)
2. ||p1l|loo = 1if ¢ € {sigmoid, softmax, tanh}
3. Observation: with fixed noise level,
d; | & L T = SDPI coeff | from 1 to 0 = generalization error | = benefit of depth and stochasticity
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T|ghter Bound via Contraction Sl

Simple example: Finite DNN parameter space W = [B]“1 %% x .

Then

(X

x [B]*r*4L-1 for some B € Z.

L

s WY;) <H(W) <> " did;_1 log B.

=il

K=2¢=12DB=100

50 >
E o*’
3 ..o"
© 40 A P
= 30 o-o-o-@G-g@’oo-e-ooo-o-ooo-o-o
N o
o— ¥ )
= o
5 .
& 20 3 @ 3 layers: 10-d;+-20-2
S |e O 2layers: 10-20-2

5 10 15 dp-

© H.He, C. L. Yu &Z. Goldfeld
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T|ghter Bound via Contraction Cornell University

Simple example: Finite DNN parameter space W = [B]“1*% x ... x [B]*t*?t-1 for some B € Z,.
Then

L
I(X3; WY;) <H(W) < " dyd; 1 log B.
=il

K=2¢=12DB=100

50 <
E o*’
2 «®’

2 401 o®

= 30 o-o-o-@G-g@’oo-e-ooo-o-ooo-o-o
N .

o= ¥ )

=z .

g o

L 20 3 @ 3 layers: 10-d;+-20-2
S |e O 2layers: 10-20-2

5 10 15 dp

A deep but narrower network may generalize better.
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Tighter Bound via Contraction Cornell University

A DNN with Dropout: /™ layer Dropout prob §; € [0, 1] = activation output of the (I 4 1) layer
Tii1 = ¢ria(Wia (T © By)) = ¢ (Wi Th), 1=0,...,L

where E; ~ Bern(1 — §;)% is independent and © denotes the elementwise product operation.
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Tighter Bound via Contraction Cornell University

A DNN with Dropout: /™ layer Dropout prob §; € [0, 1] = activation output of the (I 4 1) layer
Tii1 = ¢ria(Wia (T © By)) = ¢ (Wi Th), 1=0,...,L

where E; ~ Bern(1 — §;)% is independent and © denotes the elementwise product operation.

The Markov chain 7, — T}, — Tii1:

PTL+1\T,,W —— deterministic, Pflm —— d; parallel Z-channel
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Tighter Bound via Contraction (&) Comeltniversity

Lemma 2 Dropout SDPI coefficient

SDPI coefficient for Dropout channel with parameter §; and dimension d; is nKL(PT”Tl) =1- 6;1’, fori=0,...,L.
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Tighter Bound via Contraction Cornell University
Lemma 2 Dropout SDPI coefficient

SDPI coefficient for Dropout channel with parameter §; and dimension d; is nk (P. T )=1-— 6;”, fori=0,...,L.

Theorem 3 (DNN with Dropout generalization bound)

Consider the DNN model with Dropout rate 6; € [0,1],1 =0, ..., L — 1. If the loss function ¢(w, X,Y) is
o-sub-Gaussian, we have

lgen(Pw|p,,» Px,y)| < i > \j H (1= 67X 5 WIY;) + 1(Yi; W),

i=1 \ I=0
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Tighter Bound via Contraction Cornell University

Lemma 2 Dropout SDPI coefficient

SDPI coefficient for Dropout channel with parameter §; and dimension d; is nk (P. T )=1-— 6;”, fori=0,...,L.

Theorem 3 (DNN with Dropout generalization bound)

Consider the DNN model with Dropout rate 6; € [0,1],1 =0, ..., L — 1. If the loss function ¢(w, X,Y) is

o-sub-Gaussian, we have

lgen(Pw|p,,» Px,y)| < i > \j H (1= 67X 5 WIY;) + 1(Yi; W),

i=1 \ I=0

In addition:

[(X;; WIY;) + [(Y:; W) monotonically shrink to 0 as the input Dropout rate 8o increases from 0 to 1.
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A Wasserstein Generalization Bound

forp € Z4 and p > 1, the p-Wasserstein distance between p, v € P(X): (no DPI)

1/p
W, (1, v) ::( el E(zaww[C(w,w’)p}) :

well(p,v)

where TI(p, v) denotes the set of couplings on X' with marginals . and v.
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A Wasserstein Generalization Bound
forp € Z4 and p > 1, the p-Wasserstein distance between p, v € P(X): (no DPI)

1/p
WP(/,L, I/) = (Trell_llgft ) E(z:,:};’)~7r[c(x7 :l:,)p}) ’

where TI(p, v) denotes the set of couplings on X' with marginals . and v.

* Property: p < g, W,,(-,+) < Wy(-,-) = here we consider W,
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Cornell University

A Wasserstein Generalization Bound
forp € Z4 and p > 1, the p-Wasserstein distance between p, v € P(X): (no DPI)

1/p
W, (u, v) = inf  Egonorlc(z, 2P ,
o) = (it Baanenleto)])
where TI(p, v) denotes the set of couplings on X' with marginals . and v.

* Property: p < g, W, (-,-) < W,(-,) = here we consider W,

Theorem 4 (Min Wasserstein generalization bound)

Suppose that the loss function £ : Y x ) — R(J{ is po-Lipschitz and the activation function ¢;(-) is p;-Lipschitz,
l=1,...,L. Let p; = max{po, po H;’:IJH pj}. We have

~ n
. Pl
lgen(Pw|p,,, Px,y)l < min = lel(PT,:,/‘yi‘w, Pry y w 1Pw)-
=

where W] (PTZ,'L,YHW’PTI,Y\W |PW) = E[Wl (PTI,LYHW’ PTZ,Y\W)]'
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Q & A Cornell University

Thanks for listening!

Q&A
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