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Key Takeaway

⋆ Goal:
capture the effects of depth in learning via information-theoretic generalization bounds

• Result 1: a hierarchical bound shrinks as the layer index increases

• Result 2: quantifies the contraction when moving deeper into the network, via the strong
data processing inequality (SDPI)

=⇒ network depth, layer dimension, activation function, stochasticity
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Motivation

♠ Generalization error (in practice):

test loss=training loss+generalization error

• test loss: based on test data
• training loss: based on training data (usually small)

−→ in theory, population risk/empirical risk

♦ Existing information-theoretic bounds:

not specialized to the DNN setting =⇒ did not capture the effect of depth on the generalization bound
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Problem Formulation

▲ Supervised learning problem:

Figure 1: L-layer feedforward network

• Feedforward DNN model with L layers:
Ŷ := gwL ◦ gwL−1 ◦ · · · ◦ gw1(X), gwl(t) = ϕl(wlt)

where ϕl : R→ R is the activation function;
• l

th
internal representation: Tl := gwl ◦ · · · ◦ gw1(X)

• Loss function ℓ(w, x, y) = ℓ̃(gwL ◦ · · · ◦ gw1(x), y)

• Label set Y = [K] ⊆ Z+ (or R for regression)
• Training dataset: Dn = {(Xi, Yi)}ni=1, identically
∼ PX,Y

• Expected generalization error:

gen(PW|Dn , PX,Y ) := E[LP(W, PX,Y )︸ ︷︷ ︸
Population Risk

−LE(W, Dn)︸ ︷︷ ︸
Empirical Risk

]

:= E
[
E
[
ℓ(W, X, Y )− 1

n

n∑
i=1

ℓ(W, Xi, Yi)

∣∣∣∣W]]
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Ŷ := gwL ◦ gwL−1 ◦ · · · ◦ gw1(X), gwl(t) = ϕl(wlt)

where ϕl : R→ R is the activation function;
• l

th
internal representation: Tl := gwl ◦ · · · ◦ gw1(X)

• Loss function ℓ(w, x, y) = ℓ̃(gwL ◦ · · · ◦ gw1(x), y)

• Label set Y = [K] ⊆ Z+ (or R for regression)

• Training dataset: Dn = {(Xi, Yi)}ni=1, identically
∼ PX,Y

• Expected generalization error:

gen(PW|Dn , PX,Y ) := E[LP(W, PX,Y )︸ ︷︷ ︸
Population Risk

−LE(W, Dn)︸ ︷︷ ︸
Empirical Risk

]

:= E
[
E
[
ℓ(W, X, Y )− 1

n

n∑
i=1

ℓ(W, Xi, Yi)

∣∣∣∣W]]

© H. He, C. L. Yu & Z. Goldfeld 5 / 16



Problem Formulation

▲ Supervised learning problem:

Figure 1: L-layer feedforward network

• Feedforward DNN model with L layers:
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Generalization Bound via DPI

▲ Data-processing inequality (DPI) for f -divergences Df :

PX , QX ∈ P(X )→ PY |X → PY = PY |X ◦ PX , QY = PY |X ◦QX

DPI: Df (PY ∥QY ) ≤ Df (PY |X ◦ PX∥PY |X ◦QX) ≤ Df (PX∥QX)

♠ In DNN:

gen(PW|Dn , PX,Y ) := E
[
E
[
ℓ(W, X, Y )− 1

n

n∑
i=1

ℓ(W, Xi, Yi)

∣∣∣∣W]]

= E
[
E
[
ℓ̃(gWL

l+1
(Tl), Y )− 1

n

n∑
i=1

ℓ̃(gWL
l+1

(Tl,i), Yi)

∣∣∣∣Wl
1

]]
(l = 1, . . . , L)

Conditioned on Wl
1,

Tl−1,i, Tl−1 → gWl(·) → Tl,i, Tl
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Generalization Bound via DPI

Theorem 1 (Hierarchical bound)

If the loss function ℓ(w, X, Y ) is σ-sub-Gaussian under PX,Y , for all w ∈ W . We have

|gen(PW|Dn
, PX,Y )| ≤ UB(L) ≤ UB(L− 1) ≤ . . . ≤ UB(0)︸ ︷︷ ︸

existing bound

,

where UB(0) =
σ
√
2

n

n∑
i=1

√
I(Xi, Yi;W),

UB(l)=
σ
√
2

n

n∑
i=1

√
I( Tl,i , Yi;WL

l+1|Wl
1)+DKL

(
P

Tl,i ,Yi|Wl
1

∥∥P
Tl ,Y |Wl

1

∣∣PWl
1

)
, l = 1, . . . , L.

▲ Remarks:
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1
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∣∣PWl
1
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, l = 1, . . . , L.

▲ Remarks:

1. Interpretation: The model generalizes when
• Subsequent layers do not strongly depend on the input internal representation

• Learned posterior of internal representation matches the prior
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▲ Remarks:

2. Special cases (Discrete latent space): when Tl is finite (e.g., the VQ-VAE)

minPTl,Y |Wl
1
∈
(
0, |Tl × Y|−1

)
higher⇒ posterior with higher entropy/variance

⇒ smaller UB(l) and generalization error⇒ stochasticity helps
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Strong Data-Processing Inequality (SDPI)

♠ Quantify the contraction from UB(l − 1) to UB(l):

UB(L) ≤ coeffLUB(L− 1) ≤ · · · ≤
L∏

l=1

coefflUB(0)

The SDPI contraction coefficient for PY |X under some f -divergence (PX ≪ QX ):

ηf (PY |X) := sup
PX ,QX

Df (PY |X ◦ PX∥PY |X ◦QX)

Df (PX∥QX)
∈ [0, 1].

⋆ Properties:

• ηf (PY |X) ≤ ηTV(PY |X) = supx,x′∈X ∥PY |X=x − PY |X=x′∥TV (Dobrushin’s coefficient)
• g(·) deterministic: ηf (Pg(X)|X) = ηTV(Pg(X)|X) = 1

=⇒ if all the feature maps gwl in the DNN are deterministic −→ the SDPI coeff = 1
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Tighter Bound via Contraction

♠ Train neural network with noise⇒ enhance generalization, improve robustness:
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Tighter Bound via Contraction

♠ Train neural network with noise⇒ enhance generalization, improve robustness:

• Additive noise: Gaussian/Laplace/Salt and Pepper/...
• Dropout
• DropConnect
• Data Augmentation: rotating/flipping/scaling/cropping images/MixUp...
• Label Smoothing: adding noise to label
• . . .
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Tighter Bound via Contraction

▲ Noisy DNN model: feature map at each layer is perturbed by isotropic Gaussian noise, i.e.,

T̃l = Tl + ϵlZl = ϕl(WlT̃l−1) + ϵlZl, l = 1, . . . , L,

where ϕl(·) is the activation function, Zl ∼ N(0, Idl) is independent and ϵl ∈ R+ is a constant.

⇒ stochastic approximation of deterministic DNN 1

Lemma 1 (SDPI coefficient bound)

Let X ∼ PX ∈ P(Rdx ) and consider a bounded function g : Rdx → Rdy . Set Y = g(X) + ϵN , where ϵ > 0 and
N ∼ N (0, Idy ) is independent of X . The SDPI coefficient of the induced channel PY |X satisfies

ηf (PY |X) ≤ ηTV(PY |X) ≤ 1− 2Q

(√
2dy∥g∥∞

2ϵ

)
,

where Q(x) :=
∫∞
x

1√
2π

e−t2/2dt is the Gaussian complimentary CDF.

1Goldfeld et al., Estimating information flow in deep neural network. ICML 2019
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Tighter Bound via Contraction

Theorem 2 (Noisy DNN generalization bound)

Consider the noisy DNN model with bounded activation functions ϕl, l = 1, . . . , L.

|gen(PW|Dn
, PX,Y )| ≤ σ

√
2

n

n∑
i=1

√√√√√ L∏
l=1

(
1− 2Q

(√
2dl∥ϕl∥∞

2ϵl

))
I(Xi;W|Yi) + I(Yi;W)︸ ︷︷ ︸

no SDPI

.

▲ Remarks:

1. I(Yi;W) factored out← the label is not processed by the noisy DNN. (I(Yi;W) ≤ logK)
2. ∥ϕl∥∞ = 1 if ϕl ∈ {sigmoid, softmax, tanh}

3. Observation: with fixed noise level,

dl ↓ & L ↑ ⇒ SDPI coeff ↓ from 1 to 0⇒ generalization error ↓ ⇒ benefit of depth and stochasticity
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, PX,Y )| ≤ σ

√
2

n

n∑
i=1

√√√√√ L∏
l=1

(
1− 2Q

(√
2dl∥ϕl∥∞

2ϵl

))
I(Xi;W|Yi) + I(Yi;W)︸ ︷︷ ︸

no SDPI

.

▲ Remarks:

1. I(Yi;W) factored out← the label is not processed by the noisy DNN. (I(Yi;W) ≤ logK)
2. ∥ϕl∥∞ = 1 if ϕl ∈ {sigmoid, softmax, tanh}

3. Observation: with fixed noise level,

dl ↓ & L ↑ ⇒ SDPI coeff ↓ from 1 to 0⇒ generalization error ↓ ⇒ benefit of depth and stochasticity

© H. He, C. L. Yu & Z. Goldfeld 11 / 16



Tighter Bound via Contraction

Theorem 2 (Noisy DNN generalization bound)

Consider the noisy DNN model with bounded activation functions ϕl, l = 1, . . . , L.

|gen(PW|Dn
, PX,Y )| ≤ σ

√
2

n

n∑
i=1

√√√√√ L∏
l=1

(
1− 2Q

(√
2dl∥ϕl∥∞

2ϵl

))
I(Xi;W|Yi) + I(Yi;W)︸ ︷︷ ︸

no SDPI

.

▲ Remarks:

1. I(Yi;W) factored out← the label is not processed by the noisy DNN. (I(Yi;W) ≤ logK)
2. ∥ϕl∥∞ = 1 if ϕl ∈ {sigmoid, softmax, tanh}

3. Observation: with fixed noise level,

dl ↓ & L ↑ ⇒ SDPI coeff ↓ from 1 to 0⇒ generalization error ↓

⇒ benefit of depth and stochasticity

© H. He, C. L. Yu & Z. Goldfeld 11 / 16



Tighter Bound via Contraction

Theorem 2 (Noisy DNN generalization bound)

Consider the noisy DNN model with bounded activation functions ϕl, l = 1, . . . , L.

|gen(PW|Dn
, PX,Y )| ≤ σ

√
2

n

n∑
i=1

√√√√√ L∏
l=1

(
1− 2Q

(√
2dl∥ϕl∥∞

2ϵl

))
I(Xi;W|Yi) + I(Yi;W)︸ ︷︷ ︸

no SDPI

.

▲ Remarks:

1. I(Yi;W) factored out← the label is not processed by the noisy DNN. (I(Yi;W) ≤ logK)
2. ∥ϕl∥∞ = 1 if ϕl ∈ {sigmoid, softmax, tanh}

3. Observation: with fixed noise level,

dl ↓ & L ↑ ⇒ SDPI coeff ↓ from 1 to 0⇒ generalization error ↓ ⇒ benefit of depth and stochasticity

© H. He, C. L. Yu & Z. Goldfeld 11 / 16



Tighter Bound via Contraction

Simple example: Finite DNN parameter spaceW = [B]d1×d0 × · · · × [B]dL×dL−1 for some B ∈ Z+.
Then

I(Xi;W|Yi) ≤ H(W) ≤
L∑

l=1

dldl−1 logB.

5 10 15 dl∗

20
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40

50

G
en

er
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n
d

K = 2, εl = 1, B = 100

3 layers: 10-dl∗-20-2

2 layers: 10-20-2

A deep but narrower network may generalize better.

(Requires further explorations.)
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Tighter Bound via Contraction

▲ DNN with Dropout: lth layer Dropout prob δl ∈ [0, 1]⇒ activation output of the (l + 1)th layer

Tl+1 = ϕl+1(Wl+1(Tl ⊙ El)) =: ϕl+1(Wl+1T̃l), l = 0, . . . , L

where El ∼ Bern(1− δl)
dl is independent and ⊙ denotes the elementwise product operation.

The Markov chain Tl → T̃l → Tl+1:

PTl+1|T̃l,W
—— deterministic, PT̃l|Tl

—— dl parallel Z-channel
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Tighter Bound via Contraction

Lemma 2 Dropout SDPI coefficient

SDPI coefficient for Dropout channel with parameter δl and dimension dl is ηKL(PT̃l|Tl
) = 1− δ

dl
l , for l = 0, . . . , L.

Theorem 3 (DNN with Dropout generalization bound)

Consider the DNN model with Dropout rate δl ∈ [0, 1], l = 0, . . . , L− 1. If the loss function ℓ(w, X, Y ) is
σ-sub-Gaussian, we have

|gen(PW|Dn
, PX,Y )| ≤ σ

√
2

n

n∑
i=1

√√√√L−1∏
l=0

(1− δ
dl
l )I(Xi;W|Yi) + I(Yi;W).

In addition:

I(Xi;W|Yi) + I(Yi;W) monotonically shrink to 0 as the input Dropout rate δ0 increases from 0 to 1.
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Extensions

▲ Wasserstein Generalization Bound

for p ∈ Z+ and p ≥ 1, the p-Wasserstein distance between µ, ν ∈ P(X ): (no DPI)

Wp(µ, ν) :=

(
inf

π∈Π(µ,ν)
E(x,x′)∼π[c(x, x

′)p]

)1/p

,

where Π(µ, ν) denotes the set of couplings on X 2 with marginals µ and ν.

⋆ Property: p ≤ q, Wp(·, ·) ≤Wq(·, ·)⇒ here we consider W1

Theorem 4 (Min Wasserstein generalization bound)

Suppose that the loss function ℓ̃ : Y × Y → R+
0 is ρ0-Lipschitz and the activation function ϕl(·) is ρl-Lipschitz,

l = 1, . . . , L. Let ρ̃l = max{ρ0, ρ0
∏L

j=l+1 ρj}. We have

|gen(PW|Dn
, PX,Y )| ≤ min

l=0,...,L

ρ̃l

n

n∑
i=1

W1(PTl,i,Yi|W
, PTl,Y |W |PW).

where W1(PTl,i,Yi|W
, PTl,Y |W |PW) = E[W1(PTl,i,Yi|W

, PTl,Y |W )].
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Q&A

Thanks for listening!

Q & A
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